This work seeks to characterize the component of friction, which arises from energy being dissipated via elasto-plastic deformation during sliding contact (as apposed to adhesive mechanisms). The sliding interaction between spheres is analyzed using two approaches (a semi-analytical and finite element simulation). These analyses are used to formulate empirical equations, which describe the average tangential and normal forces resulting from the sliding interaction. A parametric study of the properties of typical metals is then used to help verify the effectiveness of the empirical equations. The study shows that the effective friction coefficient between spherical asperities increases with the elastic modulus, decreases with yield strength, and increases with the interference between the contacts (dependant on the normal load).
Background
Modeling the contact and sliding between rough surfaces leads to an improved understanding of friction and wear mechanisms, which are important for a wide range of applications. When pressing two rough surfaces together, primarily the peaks or asperities on the surface will be in contact. Thus, the asperities or peaks of the surfaces often carry very high loads. These high loads will often cause yielding in the material and thus purely elastic contact models of rough surfaces are not always adequate.
Most previous models of surface contact have not taken into account the traction force caused by sliding interaction or the interference between asperities of surfaces moving in parallel to one another. Faulkner and Arnell [1] provide an in depth summary of the work performed in this area, and so only a brief summary is provided below, while emphasizing some recent findings. Green [2, 3] experimentally and theoretically analyzed the friction mechanism of adhering triangular shaped junctions, which plastically deform. Many subsequent works have analyzed fully plastic contacts or junctions, usually pyramidal or triangular in shape and usually including adhesion or bonding between the surfaces. Greenwood and Tabor [4] extensive experiments, which agreed reasonably well with Green's work. Edwards and Halling [5] used slip-line theory and numerical methods to solve the problem. More recently, Kopalinsky et al. [6] considered this geometry though a joint experimental and strain-hardening slip-line field analysis.
Others have studied the spherical contact of sliding spheres but usually assume a fully plastic or fully elastic condition to simplify the modeling [7, 8] . Several works show the effect that sliding contact can have on the stresses within a spherical contact [9] [10] [11] . Many have also focused on the adhesion between a sphere and a flat rather than the sliding interaction between two spheres [12] [13] [14] [15] . These models provide a good understanding of friction, which is dominated by adhesion. Interestingly, they also predict that during heavy loading and due to plastic deformation, that asperities will not be able to resist sliding and that the friction coefficient will decrease drastically with increasing loads (even to zero). Even though signs of this phenomenon are readily seen experimentally, perhaps these models neglect the energy that is lost during the sliding gate between laterally contacting asperities that will be considered in this work. Even though asperities are deforming plastically, if the contact is between rough surfaces it is expected that asperities will eventually slide out of contact, become elastic again, and then start the sliding contact process over again. However, it should also be noted that due to elasto-plastic shakedown theory, some predict that the contact may eventually become completely elastic. However, due to the random nature of surface topography and the occurrence of wear, there will be many individual and 'new' asperity contacts occurring that are able to plastically deform. More recently, Gong and Komvopoulos [16] modeled the elasto-plastic sliding contact of a sphere sliding on a periodically patterned surface. This analysis [16] used the plane strain assumption and considered surface adhesion. The results provided useful descriptions of the stresses within the surfaces during contact. Yang and Komvopoulos [17] also formulated a fractal model of sliding friction considering an interfacial shear strength between the asperities that is multiplied by the contact area to provide the tangential friction force. The asperities were modeled to deform either elastically or fully plastically (without the intermediate elasto-plastic regime).
Most similar to the current work, in 2000, Faulkner and Arnell [1] developed an elasto-plastic finite element asperity model, which included sliding friction. This was performed by modeling the three-dimensional spherical asperities at various distances apart while still in sliding contact. The data was then statistically used to model an entire surface of asperities. The major problem with this model was that it was computationally intense and took many hours to execute (approximately 960 h on a Pentium 200MMX PC). It was also limited by the specific materials simulated in that work.
Methodology
Similar to [1] , this work models the sliding asperity contact as lateral contact between spheres. The contact will be modeled as elasto-plastic using a semi-analytical method and the finite element method. Adhesion will be neglected in the current work, but later it will be shown how to include adhesive friction in a combined model. The contacting spheres are translated laterally and their bases are held a constant distance apart, h. The elastoplastic behavior of the material must be considered; otherwise no overall friction loss will occur, because by definition, the energy of elastic sliding surfaces will be fully recovered after contact has been removed. The entire gate or process of sliding contact is modeled as shown in Fig. 1 .
The normal load and tangential force occurring during sliding are calculated at small increments of tangential displacement. Then the average force required to slide the asperity through the motion (gate) is calculated (see Fig. 1 ). Empirical equations are then formulated using the semi-analytical model and the finite element results. These empirical functions for a single asperity can then be substituted into a statistical, fractal or FFTbased model to calculate the friction between two sliding rough surfaces.
Semi-analytical model
The semi-analytical model uses past models of elasto-plastic hemispherical contact during normal loading [18, 19] and after unloaded [20, 21] to model sliding asperity interaction in an analytical framework. These results are then compared to FEM results [1] . The assumed geometry of two sliding spheres before contact is shown in Fig. 2 . Each sphere is assigned an initial radius R, and when in contact will have a reaction force at its base that can be separated into tangential (F t ) and normal (F n ) components. The normal and tangential distances between the bases of the spheres are defined as h and L, respectively. δ is the maximum interference distance between the spheres as they slide across each other. The distance between the centers of the spheres, C, is then:
and h is related to the maximum interference by:
While the instantaneous maximum interference between the spheres when they are in contact is:
Here L is incremented from a value of L i (before the spheres are in contact) to a value of L o (after the spheres come out of contact) so that the spheres experience the entire gate of sliding contact as shown in Fig. 1 . The initial value of the tangential distance between the spheres at the point of initial contact is:
However, the point at which the spheres come out of contact is not as trivial since the spheres will change shape as they deform plastically in sliding. When the contact is elastic, L o = L i . Next, the amount of interference or flattening, which is applied to each sphere is approximated by using the results of Kogut and Etsion [19] . Since the contact forces on each of the spheres must balance and be equal (assuming static conditions) the contact force for each sphere is equated:
and substituting in from [19] :
(F c ) 1 
Then rearranging Eqs. (6) and (7) to solve for the ratio ω 1 /ω 2 gives:
• For 6 ≤ ω/ω c ≤ 110:
Thus the interference applied to sphere 1 from the sliding interaction can be approximated by:
• For 1 ≤ ω/ω c ≤ 6:
and
The critical values of contact force and interference at the initiation of plastic deformation in the each sphere needed for Eqs. (10) and (11) are given by [18] as:
where C o is:
where R and E are the effective radius of curvature and effective modulus of elasticity, respectively, as defined in [18] and elsewhere. The Poisson's ratio, ν, to be used in Eq. (15) is that of the material which yields first (the one with the lowest value of C o S y [22] ). An alternative to Eq. (15), which is dependent on material hardness, is given by [23] . It should be noted that Eqs. (13) and (14) are derived for normal contact, not sliding contact. This makes them not very useful as a normalizing term for the results. Now that the portion of the interference applied to each sphere is known the contact force on each sphere is calculated using an elasto-plastic asperity contact model. Although the Kogut and Etsion (KE) model was used above due to their simple form the Jackson and Green (JG) model is now used for additional accuracy. At 0 ≤ ω/ω c ≤ 1.9 the JG model virtually coincides with the Hertzian solution. At interference ratios (ω/ω c ) larger than 1.9 the formulation below is used for modeling elasto-plastic contact:
• For ω ≥ 1.9ω c :
where
Quicksall et al. [24] also confirmed these results for a wider range of materials by varying E, S y and ν. [24] also shows that for smaller interferences that the KE and JG models are interchangeable.
The contact force will act in a direction that is dependant on the relative position of the spheres. Thus the contact force on each sphere at an instant, j, is separated into its tangential and normal components:
If a sphere were unloaded from the instantaneous contact force F j then it would rebound elastically some amount but would not return to its original shape. A portion of the applied interference depth would remain indented. This residual interference is given by Etsion et al. [20] as:
An alternative to this function is given by Jackson [25] as:
Before the contact force on the spheres for the next iteration is calculated, the residual interference is used to alter the geometry of the sphere to simulate plastic deformation resulting from the sliding interaction. The results shown in this work employ Eq. (23) . The maximum value of ω res is recorded for every instant up to the current instant, j. This maximum value multiplied by an empirical factor B is then subtracted from the initial sphere radius, R i , before the next instant is simulated:
Physically, B represents how much the residual deformation affects the plastically deformed height of the sphere at adjacent points on the surface. When this model is executed for a material whose yield strength is high enough such that the contact is elastic, the trends for normal force and shear force shown in Figs. 3 and 4 result. The normal force is symmetric about L = 0 and the shear force follows a curve that strongly resembles a sine function. The normal force is also effectively normalized by the Hertz contact case and does not vary with δ/R, however the shear force does. The average value of the normal force is 0.59F n /F Hertz , which will be used later to formulate an empirical model, where F Hertz is simply the contact force described by the popular Hertz elastic contact model. In the elastic case the positive and negative tangential forces cancel out and no work is lost to elastoplastic deformation. The negative tangential forces can also be described as repulsive tangential forces, which push the spheres apart at the end of the gate. However, when the material properties shown in Table 1 are used the normal force curve is not symmetric and the tangential forces do not balance to an average value of zero (see Figs. 5 and 6 ). The value of L j is incremented until the contact force is equal to or less than zero, and thus the spheres are no longer in contact. The number of increments were increased until the solution converged at approximately 1000 increments. The computational time required to run the semi-analytical simulation using the current methodology was about 20 s on a PC with a 3.00 GHz processor and 512MB of RAM, which is clearly many orders of magnitude faster than the FEM model by Faulkner and Arnell and the current FEM simulation which will be discussed later (approximately 20 h on the same machine). To find the average friction from the asperity interaction of one gate, the tangential load and normal load over the entire gate is averaged. The resulting average forces can be used in a larger rough surface contact model to approximate the friction between two rough surfaces. Since the contact forces between the contacting spheres are balanced, the resulting normal force and tangential force for each sphere are the same. Thus, only the results of one of the spheres are presented in this work.
To make a comparison and correlation between the current results and the results of Faulkner and Arnell (FA) [1] some equivalent material properties had to be approximated because in their simulation they considered both strain hardening and adhesive friction (as opposed to friction from only the sliding interaction between asperities). The assumed material properties for an elastic-perfectly plastic simulation used in the current work are shown in Table 1 . In addition, the simulation in [1] is stopped once the tangential forces reach a value of zero (i.e. no negative forces are considered) and so the current analysis is temporarily modified for this comparison. In reality, the tangential force can reverse direction due to the elastic recovery of the sphere (see Figs. 4 and 6 ). The tangential load (F t ) i,j is adjusted for the inclusion of adhesive friction by simply adding on a term for tangential load from adhesion:
Eq. (26) could also be used in the current work to include adhesion and other shear forces, which result from sliding contact for reasons other than the elasto-plastic deformation. Fig. 7 shows the normal force and tangential force plotted as a function of /R. The FEM results of [1] and the results predicted by the current methodology agree well when the value of B is approximately 1.75 (see Fig. 7 ). Using this method the elasto-plastic deformation of two spheres as they slide through the contact can be approximated.
However, this semi-analytical method is still not simple to implement and if a sliding asperity contact model is needed for integration into a more complex rough surface contact framework, then a closed-form model would be very useful. In addition, the semi-analytical model makes a number of simplifications, such as the way in which plastic deformation is included in the model by the residual interference, which might be accurate for some cases of sliding elasto-plastic contact but not all. Nevertheless, the previous semi-analytical simulation does provide some useful insights that can be used to formulate a robust empirical equation for modeling sliding asperity contact. Later sections will outline the development of these equations from the semi-analytical model and a parametric study conducted using the finite element method.
Finite element model
In addition to the semi-analytical modeling above, a parametric investigation of sliding spherical contact was conducted using the commercial finite element package ANSYS TM . The same geometry used in the semi-analytical model is also used for the FEM (the bases of the spheres are only allowed to trans- late tangentially). A benchmark case is used to compare all other results using the material properties in Table 2 . The elastic modulus, yield strength, and Poisson's ratio are then varied within ranges that are typical of metallic materials for both spheres. For simplicity, in the current work the material properties of the spheres are always the same, but by using Hertz theory to get the equivalent elastic modulus (E ) it is expected that the model should be reasonably effective for contacting spheres of two different materials. The interference between the spheres is also varied. Adhesive or friction forces between the sphere surfaces were set to zero so that only the tangential force from elasto-plastic interaction is considered. The materials were also assumed to behave elastic-perfectly plastically so that the results can make effective use of previous elasto-plastic spherical contact models with no lateral sliding [18] [19] [20] [21] 24] . The finite element model was validated for mesh and step convergence (see Fig. 8 ).
The resulting mesh consisted of approximately 2400 20-node solid brick elements. To model the contact and inhibit surface interference, 920 surface to surface contact elements are used.
The analysis took approximately 20 h on a PC with a 3.00 GHz processor and 512MB of RAM to run a single case, so a great deal of time was spent running many different cases. In Figs. 9 and 10 an example of the FEM generated values for F n /P and F t /P are plotted as a function of L/L i . The parameters used are for the benchmark case given in Table 2 and δ/R = 0.01, except E = 100 GPa for both spheres. The semi-analytical results are also plotted for the same case as a comparison where an approximate value of B = 10 gave the best comparison between the models. The results shown are for an elasto-plastic case and so the peak of the normal force does not reach the Hertz force. Due to plastic deformation of the sphere, the magnitude of F t /P is greater for the first positive peak then the following negative valley peak, and thus the average tangential force is positive or opposing sliding. The generated trends are very similar to those produced by the semi-analytical model, except with some important differences. Some of the minor differences are caused by numerical error. Even if the value of B is used in attempt to fit the predictions of the analytical and FEM results, there are still significant differences. Perhaps the most notable difference is that the slopes and locations of the curves at the initial and final point of contact are different than that produced by the semi-analytical model. The general shape of the curves are also significantly different. These differences are what can cause the semi-analytical model to make different predictions for some cases, and thus it is important to consider the FEM results as well. 
Empirical formulation
From the semi-analytical model it appears that the models of normal contact between elasto-plastic spherical contact [18, 19] are effective at providing first approximations for the values of the forces between the sliding spheres. Thus, all the equations predicting force will be normalized by the JG elastoplastic spherical contact model (Eq. (17)). For low interferences the equations provided by the KE model may also be used. For the empirical equations, the equivalent elastic modulus and equivalent sphere radius derived for the Hertz model are used to calculate Eq. (17) . The yield strength of the weaker sphere material (the sphere with the lower value of CS y [22] ) is also used. The critical interference for the contact is calculated using these values. Next, it is apparent from Eqs. (21) and (22) that the normal contact force is related to the normal and tangential contact forces via the geometry of the sliding spherical interaction (see Figs. 2-6 ). To incorporate these trends into the model it can be assumed that the normal force varies as a parabolic function from zero at initial contact to the maximum value at L = 0 and back to zero. Then the average normal force can be approximated by:
where P is the force from Eq. (17) or from the Hertz case. This equation does neglect a decrease in contact force that will occur due to the sliding interaction between elasto-plastic asperities (i.e. the maximum force predicted by normal contact will never be achieved because the sphere will plastically deform from lateral contact before it is reached). Since the force is zero at
For the elastic case shown in Fig. 3 , F n /P = 1, so D 1 = 1, i.e. without plastic deformation the sliding contact case corresponds exactly to normal contact. Integrating this equation and simplifying results in the average value of F n /P = 0.66, which is very close to the value of 0.59 found previously from the semi-analytical model. Similarly, the average tangential force can be approximated by a sine function, but for the elastic case the average force is zero. For all the following results the average tangential, F t /P, and normal forces, F n /P, are calculated over the gate of the sliding asperity contact (from the initiation of contact to when contact is removed). Using a combination of the contact mechanics theory outlined previously and empirical fits, an equation was derived which seems to calculate with some accuracy the FEM results. The resulting equation for the average normal force is: The equation differs from the FEM results by an average of 0.782% with a maximum error of 2.57%. Eq. (28) was formulated so that when the δ equals ω c and 1/e y becomes small, the solution approximately converges to the elastic Hertzian case of sliding contact (F n /P = 0.59).
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A similar equation is formulated for the tangential force. However, for the Hertzian case the entire force is elastically recovered during the sliding gate and so the average tangential force converges to zero for light loads (δ/ω c → 1). The resulting equation is: 
Parametric analysis
From the parametric study the non-dimensional average normal (F n /P) and tangential (F t /P) forces' dependence on E are shown by the plot in Figs. 11 and 12. Both F n /P and F t /P increase with E, however, F t /P appears to increase much more drastically than F n /P. Since S y and δ are held constant in this comparison, increasing E will increase the stress in the sliding asperities, and thus increase the amount of plastic deformation. Then more energy is being transferred to plastic deformation during the sliding process, and thus the sphere does not elastically recover as completely. This is probably why the ratio of S y /E combined as one parameter, e y , seems to work well in the formulated empirical fit (Eqs. (28) and (29)).
Next F n /P and F t /P are plotted as functions of S y in Figs. 13 and 14. As expected, the inverse relation seen with E occurs with S y . F n /P and F t /P both decrease with S y . As was shown in Figs. 11 and 12 , and now in Figs. 13 and 14, Eqs. (28) and (29) appear to capture the FEM results fairly well.
Next the results from varying the non-dimensional interference, δ/R, between the surfaces are plotted in Figs. 15 and 16 . F n increases with the penetration, but F t does so at a much higher rate. This will result in the effective friction coefficient increasing with the penetration. Again, Eqs. (28) and (29) seem to match well with the FEM results.
The effect of ν is relatively small compared to E and S y . However, the relative range of variation for ν is relatively smaller than the other variables due to the fundamentally limited range of ν. Regardless, the effect of ν is large enough to be included in Eqs. (28) and (29).
Friction coefficient
Another important parameter that can be calculated from the results in this work is the effective friction coefficient, which occurs between the sliding spheres due to the energy lost in plas- tic deformation. This only provides a partial description of the source of friction, because in some, if not most cases, adhesion will also cause a large portion of the friction force. However, in well-lubricated conditions or between surfaces which display very little adhesion between each other, friction from plastic deformation may account for much of the friction. This is confirmed by the finding that the calculated effective friction coefficient between the sliding spheres is as high as 0.043, which is significant in comparison to the friction coefficient measured in many lubricated contacts.
Eqs. (28) and (29) can be used to predict the effective coefficient of friction, μ, by simply calculating F t /F n . Note that the elasto-plastic asperity contact force used to normalize the results then cancels out and results in: This equation is then also compared to the FEM predictions for μ and the average error between them is 3.36%.
In addition, since elasto-plastic deformation is clearly not the only source of friction, the successful use of Eq. (26) suggests that other sources of friction can for now be included in the 
Figs. 17-19 display plots of μ versus E, S y , and δ/R. μ increases with E almost linearly. While μ decreases nonlinearly with S y and appears to asymptotically approach a value of Fig. 19 . The effect of interference on the effective friction coefficient between elasto-plastic sliding spheres.
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zero, which is expected since as S y is increased the contact will become more elastic and eventually join the Hertz case (μ = 0). μ also appears to increase almost linearly with the maximum dimensionless interference, δ/R, between the spheres.
For metallic surfaces Eqs. (28)-(30) can be substituted into a rough surface contact model, such as a statistical or fractal based model, to predict tangential force, normal force, and friction between rough surfaces. More work is also probably needed to evaluate if the Eqs. (28)-(30) are valid for the case of contacting spheres with two different materials. In addition, such mechanisms such as material scale effects, strain hardening, and adhesion, which have been neglected in the current analysis should be considered in a future work.
Conclusions
A joint analysis using a semi-analytical model and finite element model is used to generate empirical equations, which describe the tangential and normal contact forces between sliding elasto-plastic spheres. It is clear from the simulation that the amount of energy lost between the spheres will increase as the plastic deformation in the spheres increases. Plastic deformation in the spheres increases as the elastic modulus increases, the yield strength decreases, and the interference or normal load between the surfaces increases. This should theoretically translate to rough surfaces having more friction when more plastic deformation is incurred (i.e. higher loads and softer materials). However, the current models do not directly consider adhesive bonding forces between the contacting spheres. These additional forces of friction can be approximated in the current analysis by simply adding the adhesive friction onto the elasto-plastic sliding friction (see Eq. (26)). It should be noted however, that the current model is not all inclusive, and the effects of adhesion, elastic vibration, and other sources of friction are not considered. This leaves much room for future work.
